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Iteratively Forcing Fast Functions

Tadatoshi MivamoTto

Abstract

This paper presents a simple example of iterated forcing that utilizes the newly developed
Aspero-Mota method. The Aspero-Mota method facilitates iterative forcing with a class of
partially ordered sets (posets) such that a size of the continuum gets strictly greater than the
second uncountable cardinal. The class of posets encompassed by this method is larger than the
class of countable chain condition (ccc) posets. This larger class of posets includes the one that
forces a generic fast function from a generic closed cofinal subset of the least uncountable
cardinal into the least uncountable cardinal. The new Aspero-Mota method makes use of many
transitive set universes that satisfy fragments of set theory and their countable elementary
substructures. It introduces a “marker” to control how a condition functions with respect to the
relevant elementary substructures. Here, a different rendition of this method is presented by
simply iterating the fast function poset and using only one transitive set universe that satisfies a
fragment of set theory. The markers are interpreted as initial segmets of the single universe’s
relevant elementary substructures.

Introduction

Aspero-Mota introduces a new method of iteratively forcing a class of V -finitely proper
posets, where V' denotes the ground model, in [AM]. Roughly speaking, to iterate proper
posets without collapsing cardinals, the elementary substructures of transitive set universes
that satisfy fragments of set theory are necessary. In the case of V -finitely proper posets, a
morass-like family of elementary substructures is needed, which requires a condition that is
simultaneously generic for all of them. V -finitely proper posets provide such a condition. [AM]
uses markers and many transitive set universes Ho = { x| the size of the transitive closure of x is
of a size strictly less than 6}, where s are regular uncountable cardinals, that satisfy fragments
of set theory. The Aspero-Mota method is presented here by simply iterating a typical non-ccc
poset. The fast function poset is iteratively forced. As in [M], a second-order treatment of
iterated forcing (Px|a < k) is provided as a subset of Hx, where « is a regular cardinal with x >
@,. The Pss have the w:-cc under the Continuum Hypothesis (CH). This treatment of iterated
forcing makes sense when P« © Hx and P» have the x-cc.
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§ 0. Preliminary
Let us fix a regular cardinal x with ¥ > - for the rest of this paper. Let (Pu|a <x) be an
iterated forcing such that P. & Hx and has the x-cc for all a <.

As in [M], we prepare basic facts. For the sake of concise presentation, we employ
abbreviations. Though we omit to write, P« has associated objects such as a partial order, a
greatest element, a set of Pnames V ZN Hx and a forcing relation for equality {(p, 7, 7) | p |Fr.“z
=7"} N Hv. Any sequence {Sg| < a) of subsets of Hx is coded as a subset ({Sg|f<a)) ={(B,s)
| B <a, s <€ Spt of H.. We write N < (Hx, - - -) to mean that N is a countable elementary
substructure of a relational structure (Hx, - - -).

Lemma. Let p <a<x. For any formula¢(xy, - - -, xn), there exists a formula ¢* (x1, - - -, xn, ¥,
2) such that forany p €E Prand any i, - - - , an EHc NV |

plie, “HLIC), € HY, Py, Gy, Py ((Psl f<a)) E 0l -+, )™
iff
(H, €, Po, ((Pp| p <)) E“p* (@, - -+, 1, p, ).
In particular,
Ubp, “®Y1G), EHY, P, G, Po, ((Psl B<a)) E“Tyo, i, -+, )™
iff
(He, €, Po, (P8l p<a))) E“T y: Prnamest. o*@, 11, -, p, 1)".
Proof. We point out two important items. The rests are routine checking.

* Since Pss are subset of Hy and have the x-cc, H 1G] = = {ng, |r€ H. NV EY.
e For p,xE Py, p |Fp 2 € G, iff for any ¢ < p in P, there exists # € P, such that 7 < ¢, x in P).

]

Lemma. Leta<x. LetN < (Hx, €, Py, ((Ps| B <0))).
(1) Let G« be Per-generic over V. Then
NIG.] < (H.6d € HY, P, Ga, (Pl B<))).

(2) Let pE NNa. Then N < (Hx, €, Py, ({Psl B<p))).
3) Let p€ NNa. Let Gy be Prgeneric over V. Then

N[Gp] < (H;L/[Gﬂ]y E) H;‘c/v PP, GP) Pa) <<Pﬂ|ﬂ<a>>)
Proof. For (3): Letzy,---, m€ENNVE . Since
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1 ”_P/,“(H;Ic/[é/‘]’ E) H/L/) Pp, Gﬂy P(Xy <<Pﬁ|ﬂ<a>>) |= “3 X Vy (‘ﬂ(y» Tyt TH) ﬁgﬂ(x, Tty Tn))””)

and
Tl,"',Tn,p,1€N< (HK,E,Pa, <<Pﬂ|ﬂ<a>>),

there exists # € NN V¥ such that

1k, “HY, (G, €, HY, Py Gy Pur (P51 B< ) E“Vy @y 11, -+, 1) => 0, 71, -+, 7)™

Hence, for any Prgeneric G, over V, if

(H;IC/[GP]’ E: H;Ic/’ PP’ GP; Paa <<Pﬂ|ﬂ<a>>) |=“3y¢’(y, (Tl)Gﬂ y T (Tn)Gp)”y
then

(HZ[G’]], e, HZ, P/), Gp, Pa, <<Pﬂ | ﬂ < (X>>) }: “(o((ﬂ:)cﬂ ’ (Tl) Gps* s (Tn)G/;)”.

Notation. We write N < P<q to indicate that N is a countable elementary substructure of the
relational structure P<«= (Hx, €, Ps, {{Ps| < a))). In particular, if N < P<« and a < k, then a €
NNkholds. If N<P<sand S & NNa, then N<P<sholds. If N<P< and Gu is Pe-generic over V,
then N[G.] is an elementary substructure of an expanded relational structure (& ¢, € H',
Pu, Go, {{Pg| < a))) in the generic extension V [G,]. In particular, H/, P,, and G, are available
as unary predicates.

Predense subsets are used to formulate generic conditions in this paper.

Definition. Let P be a poset such that P € Hx and P has the x-cc. Let N be a countable
elementary substructure of a relational structure (Hx, €, P). We say ¢ € P is (P,N)-generic, if
for any predense subset D of Pwith D € N, D N N is predense below q.

Lemma. Let g € Pand N < (Hx, €, P) be as above. The following are equivalent.
e g is (P,N)-generic.
o pl-r “NIGINH/=N".
e plFP“N[GINKx=NNkx"
Here, N[G] = {r;|tENN V.
If PE Hx, then PE N < (Hx, ©) iff N < (Hx, €, P). In this case, ¢ € Pis (P,N)-generic iff for
any dense subset D € N of P, DN N is predense below q.

§ 1. The Fast Function Poset

We explicate the fast function poset. We specifically deal with a partial function from w: to
1.

Definition. Let p € P, if p is a finite partial function from w: into w1 such that if 7, j € dom(p)
with 7 <j, theni <p@) <j. Letp,qE P, thenq<pinP,ifq 2 p.
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We call this forcing poset, the fast function (forcing) poset. The fast function poset does not
have the ccc. However, it has nice properties. In particular, it is a proper poset.

Proposition. (1) Let p € P and p, P € N, where N is a countable elementary substructure
of He. Then pU{(NNwi, NNw1)}is (P,N)-generic.
(2) Let G be P-generic over the ground model V. Let f=UG. Thenfisa partial function from
w1 into w1 such that the domain of f is a closed cofinal subset of w:.
(3) For any function f from w: to w1 with fE V| {x <1 | f(x) < f(x)} is uncountable.

Proof. We provide some details.

For (1): Let p € P and N be a countable elementary substructure of Hx such that p, PE N.
Let D € N be a predense subset of P. We want to show that D N N is predense below p U {(N N
w1, NNwi)}. Let (g, d) be such that g <pU{(NNwi, NNw)}, g <d, and d € D. It suffices to
find (&', d") such that " <gq,d andd" €D NN. Since

Hc[E“There exists (¢",d") st. ¢EP,d €D,q¢<d ,andqg <qNN’,
P.D,qNNEN<H,,

there exists (", d’) E Nassuch. Leth'=¢q"Uq. Thenh" € Psuchthath’' <gq,q",andq <d €
DNN.

For (2): We show that dom (f ) is closed. Let ¢ < i be a limit ordinal such that dom (f YNEis
cofinal below ¢. We want to show that £ € dom (f ). To the contrary, suppose ¢ & dom (f ). Let
p € G such that p |Fr “dom(f ) N ¢ is cofinal below ¢ and ¢ € dom (f )”. We may assume that
dom(p) \ & #0. Let n1 be the <-least member of dom(p)\¢. Let 70 be the <-greatest member of
dom(p) N¢E. Then o < plpo) <& <. Letg=p U {(p@o)+1, E)}. Then g €EP, g <p, and q |Fr
“dom (f ) N ¢ has the <-greatest member p (0)+1 <¢&”.

This would be a contradiction.

]

Note that for any function g from w: to @ in any ccc generic extension of V', there exists a
function € V from w1 to w1 such that for all ¥ < w1, g(¥) < f(x). This contrasts the ccc posets
and the fast function poset.

§ 2. Iteration

We recursively construct a sequence of posets (P«|a < x). We first try to give an intuition
behind the formal definition. Any condition p = (V?, S, A?) = (N, S, A) € P consists of three
parts. The first part A is a finite set of well-organized countable elementary subtructures of
(Hx, - - -). The N contributes to establish the chain conditions and properness of P.. Second
part is a relation S from A to a. The S tells for each N € N, the coordinates ¢ < o where the
iterand A(¢) is N [G.f]-generic witnessed by p [¢. We demand S(N) = {¢ < a| NS¢} is an initial
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segment of NN a. The relation S is usually an infinite set but essentially of finite by this initial
segment requirement. The third part A is the woking part of p. The A lists a finite set of
decided values of finite fragments of generic fast functions at the finitely many coordinates
dom(A). We represent A as a finite relation from « to w1 X wi. Hence A(©) =1{(G, 7) | €A, j)} are
all in the fast function poset, all but finitely many are the empty sets. If NSZ, then p[ ¢ witnesses
that the fast function forced at ¢ is closed below N N wi. Hence this N € A prevents p to
collapse w: by the generic fast function at & . We now begin a formal presentation.

Definition. Leta <«k. Letp= (N?, S?, A?) € Py, if

(ob):
¢ N?is afinite symmetric system of countable elementary substructures of (Hx, €). Namely,
o If N, M € N* with N= 0w, M, then (N, €, N? N N) and (M, €, N'* N M) are isomorphic such
that the unique isomorphism is the identity on the intersection N N M, where N = o, M
abbreviates NN w1 =M N w1.
o If N, M € N'? with N <, M, then there exists M" € N? such that NE M and M'= o, M,
where N <, M abbreviates N N w1 <M N w1
e S is arelation from N? to a such that for all Y, $?(Y) = {#| Y S#} is an initial segment of YN a.
e A?is a finite relation from a to @i X w1 such that for all & <a, A2() =1{G, ) | ¢, @G, 7)) E A?} is
a finite fast function from w: to w:.
(eD): If Y S5, then Y < P<,.
(2): If Y S?y and A?(n) + 0, then YN w1 € dom (A2(1)).
For p, q € Po, ¢ < p in Py, if

Ne2D N?, S22 S and A7 2 A?.

We note that a marker y of N & N? is y < a such that S*(N) = NNy, denoted like (N, 7) € 4 in
[AM], though we do not make use of this non-unique ordinal in this paper. We first observe
that Pss form an iterated forcing in the following two senses. They in turn explicitely tell how
to calculate Pygeneric filters over V from P.-generic filters over V', where p < a. The proofs are
routine checkings and left to the readers.

Lemma. (Projection) Let p <a <k.
(1) If p € Py, then pl p= (N2[ p, S p, A?[ p) E P,, where
N[ p=N?,

STp={,n) |n<p, YSn},
A p=1{(, (v, ) |&<p, A (x, )}

(2) For p, g € Ps, if ¢ < p in Py, then q[ p < p[ pin P,.
(3) For p € Pxand h € P, with h < p[ p, let

I = (NUN?, S'U S, AHU AY).
Then h* € Py such that AT p=h and i* < p in P
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Lemma. (Complete Embedding) Let p <a <k.

(1) P,C P

2) For p, q € Py, q <p in Py iff in P.

(3) For p, g € Py, p, q are compatible in P, iff in Pe.
(4) Forp E Py, p <pl pin Pu.

By the lemmas above, we have an explicit calculation of generic objects in the generic
extension V [Gad].

Lemma. Let p <a<x. Let Ga be Prgeneric over V. Let Gd p=1{p[p|p € Ga}. Then Gdl p
is Prgeneric over V. And we have

Ga|—p: GaﬂPp.

We observe that Pss have the ws-cc assuming CH. In particular, the cardinals > w2 remain to
be cardinals.

Lemma. (CH) P.C Hx and has the ws-cc.

Proof. Let {p,|i < ) be an indexed family of conditions of P.. Then we may pick
elementary substructures (N, |i < w2) of Hs, where 6 is a sufficiently large regular cardinal,
such that p,, P € N;. By CH, we may thin these N;s and may assume that N;s form a 4-system,
N;s are all isomorphic and the isomorphisms are the identities on the intersections N;NN;. Let
q= (NP UN?, St S%, APiJ A?%). Then g € Poand ¢ <p,, p;.

L]

The next two lemmas combined assure that any condition may be extended to a generic
condition. In particular, w: remains to be .

Lemma. Letp € Prand p €E X < P<a. Let
g=WN*UX)L S UK, n) [nEXNal, AU XNaoy, XN ) | A #0})
Then q € Py, ¢ < p in P, and S?(X) = X Na (the largest possible).
Here is the main lemma that shows Pus are all proper.

Lemma. Let p € Py, $(X) = X N a (the largest possible), and X < P<, then p is (Pe, X)-
generic.

Proof. We simply write the structure (H ¢, €, H’, P, Ga, - - ) by (H/ ). .). We know
that if N < P<, then N[Ga] < (H{ ¢, - - ), where G is Prgeneric over Vand NIGd] = {z; |t €
VENNY. (IM])

Case 1. successor, let,a=a+ 1: Let p € Pat, SX) =X N (@ + 1), and X < P<ar1. LetDEX
be predense in Pui1. Let ¢ < p, d in Poq and d € D. We may assume that A?(o) # (0. Hence the
value A?(e) (X N 1) gets defined. Since gl a € Py, S7(X) = X N a, and X < P=, by induction ¢
is (P4, X)-generic. Let Ga be Pr-generic over V with gl a € Go. We argue in V [G4]. Since
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HIG) - YE“S (¢, d) st ¢ Pur,qTa: Goq <d',A@) NXC A7 (2) andd’ € D",
and

a, A"(0) N X, DEX[G < (H'16) €, ),
we have 1 € Poand (¢, d") € X such that

¢ g € Pui,d €D suchthat A2(0) NXCAY (@), ¢ <d in Pou,
e h<q'la,qlain Pa

Let
NI = NPUNTUNI= N,
S =S USTUS =S U{(Y.a) | Y Sial UL(Y, )Y Sal,
A= AU ATU AT = AU (o) X (A7 (@) U A'(@))).
Then " € Pun, h'la=h,and k" <gq,q . Hence i’ <q,d €EDNX.

169

[

Case 2. cf(0) =w: Let p € Ps, S*(X) =X Na, and X < P<a. Let D € X be predense in Po. Let g

< p, dsuch that d € D. Choose p € XNa such that

e dom(A49) C p.

Let us consider gl p. Then q[ p € P,, S*(X) = XN p, and X < P=<,. By induction, g[ p is (Pp,

X)-generic. Let G, be Prgeneric over Vwith ¢ p € G,. We argue in V [G,]. Since
@O, ) E 3@, d) st ¢ Py q[p: Gy d €D, dom(A?) Cp,and g <d”,

and
p, DEXIG,| < H/IG, ),
we have 7 € Py and (¢°, d”) € X such that

e g €Pyd €D,dom(AY) Cp,and q¢" <d in P,
e h<q'[p,ql pin P,.
Let
NF=NPUNTUNI= N*,
S*=8USTUS=S"U{Y,n|YS=pt UL, n) | Y S%=p},
Ar=A"JAT JAT=A"UQUQ.

Thenh' € Py, h'[p=h,and b <q’,q. Hence h' <q,d €EDNX.

Case 3. cf(a) > w: Let p € P, S*(X) =X Na, and X < P<.. Let us write oy =supX N a).

Let
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D & Xbe predense in Pu. Let g <p, dwithd € D. Let us choose p € XNa such that

e dom(A9) Nay C p,
e Forany YE N9 if Y <o, X, then YNXNaC p.

Let us consider ¢l p. Then ¢l p € P, S77(X) =X N p, and X < P<,. By induction, ¢[ p is (P,
X)-generic. Let G, be Prgeneric over Vwith q[ p € G,. We argue in V' [G,]. Since

@G YE“T (@, d)st. ¢ Puqg[pEGrLd ED, ¢ <d”
and

P D E)([G/)] < (HZ[GP] y " ')’
we have & € Pyand (¢°, d”) € X such that

eg€Py,d E€D,andq <d,
*h=qlpqlp.

Let
N = NTUNTUN=N*,
§T=8SUSTUS =S UL, [Y S = pt UL, n) | Y S = p}.
A" =A"UATU{(, YN, YNo) 1€ [p, ax), AT () +0,X <o, Y, Y S} UA“

Then W €E Py, k'l p=h,and h" <q’,qin P.. Hence " <q,d EDNX.
We check (g) for i": Let Y " and A" () + 0.

Case. 7<p: Then Y Sy and A"(y) #+ 0. Hence the value A"() (YN w1) defined.

Case. p<n<ay:Then Y S or Y S, and A? (n) + 0.

Subcase. Y S and A7 () # 0: Then the value A7 () (YN w1) defined.

Subcase. Y S and A7 () #0: Then p<nE€ YN XNo. Hence X<, Y. By definition,

A Y No) =YNao
Case. oy <n<a:Y S% and A?(y) * 0: Then the value A?() (YN w1) defined.

We conclude this paper with the following that is impossible to show by the ccc posets.

Theorem. (CH) Let G« be P-generic over V. Then in the generic extension V [G«], we
have a family { f:|a <x) such that

(1) fais a partial function from a closed cofinal subset C« of @1 to w: such that for all x € Co, x <
Ja(®).

(2) For any function ffrom e to w1, there exists a < x such that for all € [a, ), {x < w1 |f(x) <
fp(x)} is uncountable.

Proof. Let fa =U {A?(@) | p € G«}. We claim that the ﬁs work. We observe (2). Letf be a P
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name such that ”_P}(“f:: w1 — w,". By the ws-cc, we may assume that there exists a < x such
that f is a Prname. Leta < B <k, p € Pp.1 and t < wi. It suffices to show that there exists ¢ €
Pg.iand t <x < w; such that ¢ < p and ¢ ||—P 1“f(x) <f3(x)”. To this end, let f < x < o with A?(f)
Cx. Let p” <pl B be such that there ex1stsy with p~ ||—p “ (x) =y". Letqg= (N?,S"U S, A" U A?
U{(8, (v, max{x, y}+1))}). Then g € Pp.1,, ¢ <p, and ¢ ||—p f(x) =y <y+1<AUB) @) =F5)".

]
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